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Àííîòàöèÿ
Â ñòàòüå ïîëó÷åíî çàìêíóòîå àíàëèòè÷åñêîå ðåøåíèå çàäà÷è R -ëèíåéíîãî ñîïðÿ-
æåíèÿ äëÿ ñîîêóñíîãî ýëëèïòè÷åñêîãî êîëüöà. åøåíèå íàéäåíî â êëàññå êóñî÷íî-
ãîëîìîðíûõ óíêöèé, ïðèíèìàþùèõ çàäàííîå êîíå÷íîå çíà÷åíèå íà áåñêîíå÷íîñòè.
Êëþ÷åâûå ñëîâà: ãåòåðîãåííàÿ ñðåäà, çàäà÷à R -ëèíåéíîãî ñîïðÿæåíèÿ, ãîëîìîð-
íûå óíêöèè.
Èçó÷åíèå ïëîñêèõ ãåòåðîãåííûõ ñðåä ñâîäèòñÿ ê çàäà÷å ïîñòðîåíèÿ ïëîñêîïà-
ðàëëåëüíîãî ñòàöèîíàðíîãî ïîëÿ v(x, y) = (vx, vy) , ÿâëÿþùåãîñÿ ïîòåíöèàëüíûì è
ñîëåíîèäàëüíûì â êàæäîé èçîòðîïíîé àçå ðàññìàòðèâàåìîé ñðåäû. Íà ãðàíèöå
êîíòàêòà L ðàçíîðîäíûõ àç ïðåäïîëàãàþòñÿ ðàâíûìè íîðìàëüíûå (êàñàòåëüíûå)
ñîñòàâëÿþùèå ïðåäåëüíûõ çíà÷åíèé âåêòîðà v (ρv ). Êîýèöèåíò ρ , õàðàêòå-
ðèçóþùèé èçè÷åñêèå ñâîéñòâà ñðåäû, â êàæäîì èçîòðîïíîì êîìïîíåíòå ñðåäû
ïðèíèìàåò ïîñòîÿííîå çíà÷åíèå.
Â ìîíîãðàèè [1, ñ. 53℄ ïîêàçàíî, ÷òî ïðè ïåðå÷èñëåííûõ âûøå óñëîâèÿõ óíê-
öèÿ v(z) = vx(x, y) − i vy(x, y) êóñî÷íî-ãîëîìîðíà â êàæäîì îäíîðîäíîì êîìïî-
íåíòå, à íà ãðàíèöå L óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ îäíîðîäíîé çàäà÷è R-
ëèíåéíîãî ñîïðÿæåíèÿ. ßâíîå àíàëèòè÷åñêîå ðåøåíèå ïîñëåäíåé çàäà÷è óäàåòñÿ
ïîëó÷èòü ëèøü äëÿ äîâîëüíîãî óçêîãî êëàññà ãåòåðîãåííûõ ñòðóêòóð, íàïðèìåð
äëÿ äâóõàçíûõ ñðåä, êîãäà L  êðèâàÿ âòîðîãî ïîðÿäêà [25℄, â ÷àñòíîñòè ýë-
ëèïñ [69℄.
Íàñòîÿùàÿ ñòàòüÿ ÿâëÿåòñÿ íåïîñðåäñòâåííûì ïðîäîëæåíèåì ðàáîò [10, 11℄, ãäå
áûëè èññëåäîâàíû òðåõêîìïîíåíòíûå êðóãîâûå îáëàñòè. Çäåñü áóäåò ðàññìîòðåíà
òðåõàçíàÿ ñðåäà, ãðàíèöà ðàçäåëà ðàçíîðîäíûõ êîìïîíåíòîâ êîòîðîé ñîñòîèò èç
äâóõ ñîîêóñíûõ ýëëèïñîâ.
1. Ïîñòàíîâêà çàäà÷è
Ïóñòü äëÿ îïðåäåëåííîñòè êîîðäèíàòíûå îñè ïëîñêîñòè z ñîâïàäàþò ñ îñÿìè
ñèììåòðèè ýëëèïñîâ Lj = {z = x + i y : x2/a2j + y2/b2j = 1} , j = 1, 2 , ãäå aj , bj 
çàäàííûå ïîëîæèòåëüíûå ïàðàìåòðû. Íå óìåíüøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî
aj ≥ bj > 0 , j = 1, 2 , è a1 > a2, b1 > b2 . Ôîêóñû ýëëèïñîâ Lj ñîâïàäàþò è
íàõîäÿòñÿ â òî÷êàõ ±c , òî åñòü
c =
√
a2j − b2j , j = 1, 2. (1)
Íà ðèñ. 1 âíóòðåííÿÿ ïî îòíîøåíèþ ê L2 îáëàñòü îáîçíà÷åíà ÷åðåç S3 , îáëàñòü
ìåæäó L1 è L2  ÷åðåç S2 (ýëëèïòè÷åñêîå êîëüöî), à âíåøíÿÿ ïî îòíîøåíèþ
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èñ. 1. Ýëëèïòè÷åñêîå ñîîêóñíîå êîëüöî
ê L1  ÷åðåç S1 . Òðåáóåòñÿ ïîñòðîèòü êóñî÷íî-ãîëîìîðíóþ óíêöèþ v(z) =
= vp(z) ∈ H(Sp) ∩ C(Sp), z ∈ Sp, p = 1, 2, 3 , ïî êðàåâûì óñëîâèÿì
v2(z) = A1v1(t)−B1[t′(s)]−2v1(t), t ∈ L1,
v3(z) = A2v2(t)−B2[t′(s)]−2v2(t), t ∈ L2,
(2)
ãäå t′(s)  ïðîèçâîäíàÿ óíêöèè òî÷êè êîíòóðà Lj ïî íàòóðàëüíîìó ïàðàìåòðó,
çàäàííûå âåùåñòâåííûå êîýèöèåíòû Aj , Bj , îïðåäåëÿþòñÿ ïî îðìóëàì:
A1 =
ρ1 + ρ2
2ρ2
, B1 =
ρ2 − ρ1
2ρ2
, A2 =
ρ3 + ρ2
2ρ3
, B2 =
ρ3 − ρ2
2ρ3
. (3)
Çäåñü ρj (kj = 1/ρj )  ñîïðîòèâëåíèå (ïðîâîäèìîñòü) êîìïîíåíòà Sj . Äîïîëíè-
òåëüíî çàäàåòñÿ çíà÷åíèå v1 íà áåñêîíå÷íîñòè:
v1(∞) = V0 = Vx − iVy. (4)
Èçó÷åíèå íà÷íåì â ïðåäïîëîæåíèè, ÷òî êîýèöèåíòû Aj , Bj  ïðîèçâîëüíûå
îòëè÷íûå îò íóëÿ îãðàíè÷åííûå âåùåñòâåííûå êîíñòàíòû, óäîâëåòâîðÿþùèå óñëî-
âèþ ýëëèïòè÷íîñòè çàäà÷è (2): |Aj | > |Bj | > 0 , j = 1, 2 . Ïðè òàêèõ îãðàíè÷åíèÿõ
èç ðàññìîòðåíèÿ âðåìåííî èñêëþ÷àþòñÿ ñëó÷àè âûðîæäåíèÿ òðåõàçíîé ñðåäû â
äâóõàçíóþ (ρ2 6= ρ1 , ρ2 6= ρ3 ) è ñëó÷àè îáðàùåíèÿ ñîïðîòèâëåíèé åå àç â íóëü
è áåñêîíå÷íîñòü.
2. åøåíèå íåâûðîæäåííîé çàäà÷è
î ñîîêóñíîì ýëëèïòè÷åñêîì êîëüöå
Äëÿ ïîñòàâëåííîé çàäà÷è ñïðàâåäëèâà òåîðåìà åäèíñòâåííîñòè, äîêàçàííàÿ â
[12℄. Ñ ïîìîùüþ òåîðåìû åäèíñòâåííîñòè íåñëîæíî ïîêàçàòü, ÷òî ëþáîå ðåøåíèå
çàäà÷è (2), (4) ìîæíî ïðåäñòàâèòü â âèäå ñóììû
v(z) = VxvR(z)− VyvI(z), (5)
ãäå vR , vI  òå ÷àñòíûå ðåøåíèÿ êðàåâîé çàäà÷è (2), äëÿ êîòîðûõ âûïîëíÿþòñÿ
óñëîâèÿ:
vR(∞) = 1, vI(∞) = i ; (6)
vR(z) ≡ vR(−z) ≡ vR(z), vI(z) ≡ vI(−z) ≡ −vI(z). (7)
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èñ. 2. Ïåðâûé êâàäðàíò ïëîñêîñòè z (ñëåâà) è åãî îáðàç (ñïðàâà) â ïëîñêîñòè ζ ïðè
îòîáðàæåíèè ñ ïîìîùüþ óíêöèè (8)
Ïîñòðîèì ðåøåíèå vR(z) çàäà÷è (2), óäîâëåòâîðÿþùåå ñîîòâåòñòâóþùèì óñëî-
âèÿì (6), (7).
Áóäåì ñ÷èòàòü, ÷òî ak 6= bk (c 6= 0). Îãðàíè÷èâàÿñü ïåðâûì êâàäðàíòîì ïëîñ-
êîñòè z = x+i y , ðàññìîòðèì åãî êîíîðìíîå îòîáðàæåíèå íà ïëîñêîñòü ζ = ξ+i η
ñ ïîìîùüþ òîé âåòâè óíêöèè
ζ(z) =
1
c
(z +
√
z2 − c2), (8)
îáðàòíîé ê
z(ζ) =
c
2
(
ζ +
1
ζ
)
, (9)
êîòîðàÿ çàèêñèðîâàíà óñëîâèåì ζ(∞) = ∞ . Ôóíêöèÿ (8) îòîáðàçèò ëåæàùèå â
ïåðâîì êâàäðàíòå ÷åòâåðòè S11, S12, S13 îáëàñòåé S1, S2, S3 (ñì. ðèñ. 2) íà îáëàñòè
S∗13 = {ζ : 1 < |ζ| < R2, 0 < arg ζ < pi/2} , S∗12 = {ζ : R2 < |ζ| < R1, 0 < arg ζ <
< pi/2} , S∗11 = {ζ : |ζ| > R1, 0 < arg ζ < pi/2} ñîîòâåòñòâåííî. Ïðè ýòîì
Rj = ζ(aj) =
aj + bj
c
=
c
aj − bj =
√
aj + bj
aj − bj , j = 1, 2, (10)
ãäå R1 > R2 > 1. Îáðàçû îñòàëüíûõ òî÷åê, îòìå÷åííûõ â ïëîñêîñòè z , îáîçíà÷åíû
íà ïðàâîì ðèñ. 2 ñîîòâåòñòâóþùèìè ñèìâîëàìè â êðóãëûõ ñêîáêàõ.
Íàéäåì çàâèñèìîñòü ïðîèçâîäíîé óíêöèè òî÷êè t êîíòóðà Lj ïî íàòóðàëüíî-
ìó ïàðàìåòðó s , îòñ÷èòûâàåìîìó, íàïðèìåð, îò òî÷êè aj , â âèäå óíêöèè îò t . Äëÿ
ýòîãî çàïèøåì óðàâíåíèå ñîîòâåòñòâóþùåãî ýëëèïñà â ïàðàìåòðè÷åñêîé îðìå
t = aj cosϕ+ i bj sinϕ, ϕ ∈ [0, 2pi),
òîãäà
dt
ds
=
−aj sinϕ+ i bj cosϕ√
a2j sin
2 ϕ+ b2j cos
2 ϕ
.
Ñ ó÷åòîì (1) ëåãêî ïîëó÷èòü, ÷òî
eiϕ =
t+
√
t2 − c2
aj + bj
, e−iϕ =
t−√t2 − c2
aj − bj ,
cosϕ =
ajt− bj
√
t2 − c2
c2
, sinϕ =
aj
√
t2 − c2 − bjt
i c2
.
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Íà îñíîâàíèè ïîñëåäíèõ ïðåäñòàâëåíèé èñêîìàÿ ïðîèçâîäíàÿ ìîæåò áûòü çàïèñàíà
â âèäå
t′(s) = c
(
a2j + b
2
j − 2ajbjt(t2 − c2)−1/2
)−1/2
.
Çäåñü ïîä âíóòðåííèì ðàäèêàëîì â ïðàâîé ÷àñòè ñëåäóåò ïîíèìàòü çíà÷åíèå íà Lj
òîé âåòâè óíêöèè (z2− c2)1/2 , èêñèðîâàííîé â îáëàñòè C \ [−c, c] , êîòîðàÿ ïðè-
íèìàåò ïîëîæèòåëüíûå çíà÷åíèÿ ïðè z = x > c . Ïîä âíåøíèì ðàäèêàëîì ïîíèìà-
åòñÿ âåòâü, èêñèðîâàííàÿ â ïëîñêîñòè C ñ ðàçðåçàìè ïî ëó÷àì (−∞,−(a2j+b2j)/c] ,
[(a2j + b
2
j)/c,∞) è îòðåçêó [−c, c] , îáðàùàþùàÿñÿ â ìíèìóþ åäèíèöó ïðè t = aj .
Ñ ïîìîùüþ ïîñëåäíåãî ñîîòíîøåíèÿ, (8), (10) äëÿ t ∈ Lj ïîëó÷èì:
[t′(s)]−2 =
R−2j τ
2 −R2j
τ2 − 1 = −
τ − 1/τ
τ − 1/τ , |τ | = Rj . (11)
Ââåäåì íîâóþ êóñî÷íî-ãîëîìîðíóþ óíêöèþ
V (ζ) = (ζ − 1/ζ)vR[z(ζ)] = Vp(ζ), ζ ∈ S∗1p, p = 1, 2, 3. (12)
Íà îñíîâàíèè (2), (6)(12) ïðèäåì ê êðàåâîé çàäà÷å
V2(τ) = A1V1(τ) +B1V1(τ), |τ | = R1, 0 ≤ arg τ ≤ pi/2;
V3(τ) = A2V2(τ) +B2V2(τ), |τ | = R2, 0 ≤ arg τ ≤ pi/2;
(13)
ReV3(τ) = 0, |τ | = 1, 0 ≤ arg τ ≤ pi/2; (14)
ImV (ξ) = 0, ξ > 1; ReV (i η) = 0, η > 1. (15)
Ôóíêöèþ (12) â ñèëó (15) ñ ïîìîùüþ ïðèíöèïà ñèììåòðèè èìàíà Øâàðöà ìîæ-
íî ïðîäîëæèòü íà ïîëíóþ âíåøíîñòü åäèíè÷íîãî êðóãà. Ëåãêî âèäåòü, ÷òî ïðî-
äîëæåííàÿ óíêöèÿ V (ζ) áóäåò óäîâëåòâîðÿòü êðàåâûì óñëîâèÿì (13), (14) äëÿ
0 ≤ arg τ ≤ 2pi . åøåíèå ïîñëåäíåé çàäà÷è íå òîëüêî äîëæíî áûòü ãîëîìîðíûì â
ñîîòâåòñòâóþùèõ îáëàñòÿõ S∗3 = {ζ : 1 < |ζ| < R2} , S∗2 = {ζ : R2 < |ζ| < R1}, S∗1 =
= {ζ : |ζ| > R1} è íåïðåðûâíûì â èõ çàìûêàíèè (â S∗1 âñþäó, çà èñêëþ÷åíèåì
áåñêîíå÷íî óäàëåííîé òî÷êè), íî è óäîâëåòâîðÿòü ïî ïîñòðîåíèþ óñëîâèÿì
V (ζ) ≡ −V (−ζ) ≡ V (ζ), (16)
lim
ζ→∞
[V1(ζ)/ζ] = 1. (17)
Èç òåîðåìû Ëîðàíà è ñîîòíîøåíèé (14)(17) ñëåäóåò, ÷òî äëÿ êóñî÷íî-
ãîëîìîðíîé íå÷åòíîé óíêöèè V (ζ) = Vp(ζ) , ζ ∈ S∗p (p = 1, 2, 3), ñïðàâåäëèâû
ðàçëîæåíèÿ
V1(ζ) = ζ +
∞∑
n=1
αnζ
1−2n = ζ + V01(ζ), |ζ| > R1, (18)
V2(ζ) =
∞∑
n=1
(βnζ
2n−1 + β−nζ
1−2n) = V +2 (ζ) + V
−
2 (ζ), R2 < |ζ| < R1, (19)
V3(ζ) =
∞∑
n=1
γn(ζ
2n−1 − ζ1−2n) = V +3 (ζ) + V −3 (ζ), 1 < |ζ| < R2, (20)
ãäå αn, β±n, γn  âåùåñòâåííûå êîýèöèåíòû, ïîêà íåîïðåäåëåííûå. Ôóíêöèè
V +3 (V
+
2 ), V
−
3 (V
−
2 ) ãîëîìîðíû ñîîòâåòñòâåííî âíóòðè êðóãà ðàäèóñà R2(R1) è âíå
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åäèíè÷íîãî êðóãà (âíå êðóãà ðàäèóñà R2 ). Êðîìå òîãî, óíêöèè V
+
3 , V
−
3 ñâÿçàíû
äðóã ñ äðóãîì òîæäåñòâîì
V +3 (ζ) ≡ −V −3 (1/ζ) =
∞∑
k=1
γnζ
2n−1. (21)
àññìîòðèì óíêöèþ
Φ(ζ) =


V +3 (ζ)−A2V +2 (ζ)−B2V −2 (R22/ζ), |ζ| ≤ R2,
A2V
−
2 (ζ)− V −3 (ζ) +B2V +2 (R22/ζ), |ζ| ≥ R2,
(22)
Ñ ïîìîùüþ âòîðîãî óñëîâèÿ (13) óñòàíàâëèâàåòñÿ ðàâåíñòâî ïðåäåëüíûõ çíà÷åíèé
óíêöèè (22): Φ+(τ) = Φ−(τ) äëÿ τ ∈ L∗2 = {τ : |τ | = R2} , òî åñòü óíêöèÿ Φ(ζ)
ãîëîìîðíà â ðàñøèðåííîé ïëîñêîñòè C è èñ÷åçàåò â íóëå è íà áåñêîíå÷íîñòè.
Àíàëîãè÷íî, óíêöèÿ
Ψ(ζ) =


V +2 (ζ)−B1V1(R21/ζ), |ζ| ≤ R1,
A1V1(ζ) − V −2 (ζ), |ζ| ≥ R1,
(23)
íå ïðåòåðïåâàåò ñêà÷êà ïðè ïåðåõîäå ÷åðåç ëèíèþ L∗1 = {τ : |τ | = R1} ââèäó
ïåðâîãî ñîîòíîøåíèÿ (13), åå ãîëîìîðíîñòü íàðóøàåòñÿ ëèøü â òî÷êàõ ζ = ∞
è ζ = 0 , ãäå ó Ψ(ζ) ïðîñòûå ïîëþñà. Â ñèëó (18)(20), (22), (23) è îáîáùåííîé
òåîðåìû Ëèóâèëëÿ
Φ(ζ) ≡ 0; Ψ(ζ) = A1ζ −B1R21/ζ. (24)
Èç (22)(24) â ñèëó âåùåñòâåííîñòè êîýèöèåíòîâ â ïðåäñòàâëåíèÿõ (18) (20)
ñëåäóåò, ÷òî 

V +3 (ζ)−A2V +2 (ζ)−B2V −2 (R22/ζ) = 0, |ζ| ≤ R2,
A2V
−
2 (ζ) − V −3 (ζ) +B2V +2 (R22/ζ) = 0, |ζ| ≥ R2,
V +2 (ζ)−B1V01(R21/ζ) = A1ζ, |ζ| ≤ R1,
A1V01(ζ)− V −2 (ζ) = −B1R21/ζ, |ζ| ≥ R1.
(25)
Èñêëþ÷èì V ±3 (ζ) èç ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû (25). Äëÿ ýòîãî çàìåíèì
âî âòîðîì èç íèõ ζ íà 1/ζ è ñ ó÷åòîì (21) ïîëó÷èì
V +2 (ζ) + ∆2V
+
2 (R
2
2ζ) + V
−
2 (1/ζ) + ∆2V
−
2 (R
2
2/ζ) = 0, |ζ| ≤ 1/R2. (26)
Àíàëîãè÷íî, èç òðåòüåãî è ÷åòâåðòîãî óðàâíåíèé ñèñòåìû (25) èñêëþ÷èì V01(ζ) ,
çàìåíèâ ïðåäâàðèòåëüíî â ïîñëåäíåì èç ýòèõ äâóõ óðàâíåíèé ζ íà R21/ζ , ïîëó÷èì
V +2 (ζ)−∆1V −2 (R21/ζ) = A1(1 −∆21)ζ, |ζ| ≤ R1. (27)
Ïîäñòàâèâ ðÿäû (18)(20) â ëåâûå ÷àñòè ñîîòíîøåíèé (26), (27) è ñðàâíèâ êîý-
èöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ζ , ïðèäåì ê ñèñòåìàì óðàâíåíèé:

R21β1 −∆1β−1 = R21A1(1 −∆21),
(1 + ∆2R
2
2)β1 + (1 +∆2R
−2
2 )β−1 = 0,
(28)
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

βn −∆1R2−4n1 β−n = 0,
(1 + ∆2R
4n−2
2 )βn + (1 + ∆2R
2−4n
2 )β−n = 0,
n ≥ 2. (29)
åøåíèå ñèñòåìû (28) åäèíñòâåííî è îïðåäåëÿåòñÿ ïî îðìóëàì
β1 =
A1(1 −∆21)(1 + ∆2R−22 )
1 + ∆2R
−2
2 +∆1R
−2
1 (1 + ∆2R
2
2)
,
β−1 =
−A1(1−∆21)(1 + ∆2R22)
1 + ∆2R
−2
2 +∆1R
−2
1 (1 + ∆2R
2
2)
.
(30)
Îäíîðîäíûå ñèñòåìû (29) èìåþò ëèøü òðèâèàëüíûå ðåøåíèÿ βn = β−n = 0 , n ≥ 2 ,
òàê êàê äèñêðèìèíàíòû Dn ýòèõ ñèñòåì îòëè÷íû îò íóëÿ. Äåéñòâèòåëüíî,
Dn = 1 +∆1R
2−4n
1 +∆2R
2−4n
2 +∆1∆2R
2−4n
1 R
4n−2
2 .
Ïîëîæèì R2−4n1 = x , R
2−4n
2 = y . Ñòàíäàðòíûì îáðàçîì äîêàçûâàåòñÿ, ÷òî
àáñîëþòíûé ìèíèìóì óíêöèè 1 + ∆1x+∆2y +∆1∆2x/y äîñòèãàåòñÿ ïðè x = −
−∆22/∆1 , y = −∆2 , òî åñòü äëÿ äèñêðèìèíàíòîâ ñèñòåì (29) ñïðàâåäëèâà îöåíêà
Dn ≥ 1−∆22 > 0 .
Òàêèì îáðàçîì, óíêöèÿ (19) ïîëíîñòüþ îïðåäåëåíà, à óíêöèè (18), (20) ëåãêî
íàõîäÿòñÿ ñ ïîìîùüþ ñîîòâåòñòâóþùèõ ñîîòíîøåíèé (25):
V (ζ) =


ζ + (A−11 β−1 −∆1R21)/ζ, ζ ∈ S∗1 ,
β1ζ + β−1/ζ, ζ ∈ S∗2 ,
(A2β1 +B2R
−2
2 β−1)(ζ − 1/ζ), ζ ∈ S∗3 .
(31)
Âîçâðàùàÿñü òåïåðü â ïëîñêîñòü êîìïëåêñíîãî ïåðåìåííîãî z , íà îñíîâàíèè
(31), (12), (8) ïîëó÷èì
vR(z) =


1− 0.5(1 +A−11 β−1 −∆1R21)(1− z/
√
z2 − c2), z ∈ S1,
β1 − 0.5(β1 + β−1)(1− z/
√
z2 − c2), z ∈ S2,
A2β1 +B2R
−2
2 β−1, z ∈ S3.
(32)
Íàïîìíèì, ÷òî ïîä ðàäèêàëîì
√
z2 − c2 ïîíèìàåòñÿ òà åãî âåòâü, èêñèðî-
âàííàÿ â ïëîñêîñòè C ñ ðàçðåçîì ïî îòðåçêó [−c, c] , êîòîðàÿ ïîëîæèòåëüíà ïðè
z = x > c .
×òîáû íàéòè ðåøåíèå vI(z) çàäà÷è (2), óäîâëåòâîðÿþùåå ñîîòâåòñòâóþùèì
óñëîâèÿì (6), (7), ïîëîæèì
V (ζ) = −i (ζ − 1/ζ)vI [z(ζ)] = Vp(ζ), ζ ∈ S∗1p, p = 1, 2, 3. (33)
Îòíîñèòåëüíî óíêöèè (33) ïðèäåì ê òîé æå ñàìîé çàäà÷å (13)(17) ñ òîé ëèøü
ðàçíèöåé, ÷òî â óñëîâèÿõ (13) çíàê ïëþñ ïåðåä B1,2 èçìåíèòñÿ íà ìèíóñ. Ñîîòâåò-
ñòâåííî, èñêîìîå ðåøåíèå vI(z) ïîëó÷èì, äîìíîæèâ íà i ïðàâûå ÷àñòè îðìóë
(32) è èçìåíèâ â íèõ è â (30) çíàêè ïåðåä B1,2 è ∆1,2 íà ïðîòèâîïîëîæíûå, òî
åñòü
vI(z) =


i [1− 0.5(1 +A−11 β˜−1 +∆1R21)](1− z/
√
z2 − c2), z ∈ S1,
i [β˜1 − 0.5(β˜1 + β˜−1)](1 − z/
√
z2 − c2), z ∈ S2,
i (A2β˜1 −B2R−22 β˜−1), z ∈ S3,
(34)
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èñ. 3. Ñëåâà ρ1 = 1 , ρ2 = 5 , ρ3 = 0.2 , ñïðàâà ρ1 = 1 , ρ2 = 0.2 , ρ3 = 5
ãäå
β˜1 =
A1(1 −∆21)(1 −∆2R−22 )
1−∆2R−22 −∆1R−21 (1−∆2R22)
,
β˜−1 =
−A1(1−∆21)(1 −∆2R22)
1−∆2R−22 −∆1R−21 (1−∆2R22)
.
(35)
Çàìåòèì, ÷òî ðåøåíèå (34) ëåãêî ìîæíî áûëî ïîëó÷èòü íà îñíîâàíèè ðåøåíèÿ
(32), òàê êàê èç î÷åâèäíûõ èçè÷åñêèõ ñîîáðàæåíèé äîëæíî áûòü
vI(z; a, b) ≡ i vR(i z; b, a).
Òàêèì îáðàçîì, ìîæíî ñîðìóëèðîâàòü ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Çàäà÷à (2), (4) ñ âåùåñòâåííûìè êîýèöèåíòàìè Aj , Bj , j =
= 1, 2 , áåçóñëîâíî ðàçðåøèìà, åñëè |Aj | > |Bj | , j = 1, 2 . Åå åäèíñòâåííîå ðåøåíèå
èìååò âèä
v(z)=


V0 −
[
V0 −∆1R21V0
2
+
β−1Vx − i β˜−1Vy
2A1
](
1− z√
z2 − c2
)
, z ∈ S1,
β1Vx − i β˜1Vy −
[
β1+β−1
2
Vx − i β˜1+β˜−1
2
Vy
](
1− z√
z2 − c2
)
, z ∈ S2,
A2(β1Vx − i β˜1Vy) +B2R−22 (β−1Vx + i β˜−1Vy), z ∈ S3,
(36)
ãäå ïîä ðàäèêàëîì ïîíèìàåòñÿ âåòâü, èêñèðîâàííàÿ â z -ïëîñêîñòè ñ ðàçðåçîì
ïî îòðåçêó (−c, c) è ïðèíèìàþùàÿ ïîëîæèòåëüíûå çíà÷åíèÿ ïðè z = x > c ,
êîýèöèåíòû β1 , β−1 , β˜1 , β˜−1 â îáùåì ñëó÷àå îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè
(30) , (35) ; åñëè æå èìåþò ìåñòî ïðåäñòàâëåíèÿ (3) , òî
β±1 =
±(1−∆1)(1 + ∆2R∓22 )
1 + ∆2R
−2
2 +∆1R
−2
1 (1 + ∆2R
2
2)
,
β˜±1 =
±(1−∆1)(1−∆2R∓22 )
1−∆2R−22 −∆1R−21 (1−∆2R22)
.
(37)
Ïðèìåð. Ïóñòü a1 = 4 , b1 = 3.14484 , a2 = 3 , b2 = 1.7 . Íà ðèñ. 3 ïðèâåäåíû
äâà âàðèàíòà ðàñ÷åòà ïîëÿ ïî îðìóëàì (36), (37) â ñëó÷àå V0 = 1− 2i .
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3. Ïðåäåëüíûå ñëó÷àè
Çàìå÷àíèå 1. Â ïðåäåëüíîé ñèòóàöèè, êîãäà ρ3 → ρ2 (èëè ρ2 → ρ1 ), îð-
ìóëû (36), (37) ïðèâîäÿò ê èçâåñòíîìó ðåøåíèþ çàäà÷è îá îäíîì ýëëèïòè÷åñêîì
âêëþ÷åíèè
v(z) =


V0 +
∆(R4 − 1)
2
[
Vx
R2 +∆
+ i
Vy
R2 −∆
](
1− z√
z2 − c2
)
, z ∈ S1,
A(1−∆2)R2
[
Vx
R2 +∆
− i Vy
R2 −∆
]
, z ∈ S2,
ãäå S1  âíåøíÿÿ ñðåäà, à S2  ýëëèïòè÷åñêîå âêëþ÷åíèå, ∆ = ∆1 , R = R1 .
Çàìå÷àíèå 2. Ïðè ρ1 = ρ2 = ρ3 è, ñëåäîâàòåëüíî, A1 = A2 = 1 , ∆1 = ∆2 = 0 ,
β1 = β˜1 = −β−1 = −β˜−1 = 1 , èç îðìóë (36), (37), êàê ýòîãî è ñëåäîâàëî îæèäàòü,
âûòåêàåò, ÷òî v1(z) = v2(z) = v3(z) ≡ V0.
Çàìå÷àíèå 3. àññìîòðèì ïðåäåëüíûé ñëó÷àé, êîãäà a1, a2 → ∞ ïðè èê-
ñèðîâàííûõ b1 , b2 , è, ñëåäîâàòåëüíî, íàøà ñòðóêòóðà âûðîæäàåòñÿ â ñëîèñòóþ
ñòðóêòóðó, à èìåííî: S1 = {z : |Im z| > b1} , S2 = {z : b1 < |Im z| < b2} , S3 =
= {z : |Im z| < b2} . Â ñèëó (11), (30), (35) â ïðåäåëå ïîëó÷èì R1 = R2 = 1 ,
β1 = −β−1 = A1(1 −∆1) , β˜1 = −β˜−1 = A1(1 + ∆1) , è ðåøåíèå (36) ïðèâîäèòñÿ ê
âèäó
v1(z) ≡ V0, v2(z) ≡ (A1 −B1)Vx − i (A1 +B1)Vy ,
v3(z) ≡ (A1 −B1)(A2 −B2)Vx − i (A1 + B1)(A2 +B2)Vy.
Îòñþäà â òîì ÷àñòíîì ñëó÷àå, êîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå (3), ïðèõîäèì ê
õîðîøî èçâåñòíîìó ðåçóëüòàòó [13℄ äëÿ ñëîèñòîé ñðåäû ñ çàäàííîé â S1 ñêîðîñòüþ
íà áåñêîíå÷íîñòè:
v(z) =


Vx − iVy, z ∈ S1,
θ1Vx − iVy, z ∈ S2,
θ2θ1Vx − iVy , z ∈ S3,
ãäå θ2 = ρ2/ρ3, θ1 = ρ1/ρ2 .
Çàìå÷àíèå 4. Åñëè ak → bk = rk, k = 1, 2 , òî åñòü ñîîêóñíîå ýëëèïòè÷åñêîå
êîëüöî âûðîæäàåòñÿ â êîíöåíòðè÷åñêîå êðóãîâîå, èç (1), (11) ñëåäóåò, ÷òî c → 0 ,
Rk →∞ , R2/R1 = (a2+b2)/(a1+b1)→ r2/r1 , à çíà÷èò, îðìóëû (36) òåðÿþò ñìûñë.
Îäíàêî, ïîëîæèâ bk = rk è èñïîëüçîâàâ ïðàâèëî Ëîïèòàëÿ, íåñëîæíî ïîêàçàòü,
÷òî
lim
ak→rk
[
R2k
(
1− z√
z2 − c2
)]
=
2rk
z
lim
ak→rk
[√
z2 + r2k − a2k − z
ak − rk
]
= −2r
2
k
z2
.
Ââåäÿ îáîçíà÷åíèÿ
∆1∆2 = δ, r1 = R, r2 = r, (r/R)
2 = g, (38)
äëÿ ïðåäåëüíûõ çíà÷åíèé ïàðàìåòðîâ (30), (35) ïîëó÷èì ïðåäñòàâëåíèÿ β1 = β˜1 =
= A1(1 −∆21)/(1 + δg) ,
lim
ak→rk
R−22 β−1 = − limak→rk R
−2
2 β˜−1 = −A1(1−∆21)∆2/(1 + δg).
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Ñ ó÷åòîì ïîëó÷åííûõ ðàâåíñòâ è îáîçíà÷åíèé (38) îðìóëû (36) â ïðåäåëå äàþò:
v(z) =


V0 − V0∆1 + g∆2
1 + δg
R2
z2
, |z| > R,
A1(1−∆21)
1 + δg
(
V0 −∆2V0 r
2
z2
)
, r < |z| < R,
A1A2(1−∆21)(1−∆22)
1 + δg
V0, |z| < r.
(39)
Â ÷àñòíîì ñëó÷àå, êîãäà äëÿ êîýèöèåíòîâ A1,2 , B1,2 èìååò ìåñòî ïðåäñòàâ-
ëåíèå (3), ðåøåíèå (39) ïðèâîäèòñÿ ê âèäó
v(z) =


V0 − V0∆1 + g∆2
1 + δg
R2
z2
, |z| > R,
(1−∆1)
1 + δg
(
V0 −∆2V0 r
2
z2
)
, r < |z| < R,
(1−∆1)(1−∆2)
1 + δg
V0, |z| < r.
(40)
Ïðåäåëüíûì ïåðåõîäîì â ñîîòíîøåíèÿõ (40) ïðè ρ3 → ρ2 è, ñëåäîâàòåëüíî,
A32 → 1 , ∆32 → 0 ïîëó÷èì ðåøåíèå îá îäíîì êðóãîâîì âêëþ÷åíèè ðàäèóñà R :
v1(z) = V0 − V0∆1R
2
z2
, v2(z) = (1 −∆1)V0.
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå îññèéñêîãî îíäà óíäàìåí-
òàëüíûõ èññëåäîâàíèé (ïðîåêò  09-01-97008-ð_ïîâîëæüå_à ).
Summary
Yu.V. Obnosov. R -linear Conjugation Problem for a Confoal Elliptial Annulas.
Analytial losed-form solution is presented for R -linear onjugation problem for a onfoal
elliptial annulas. Solution is found in the lass of piee-wise holomorphi funtions with xed
nite value at innity.
Key words: heterogeneous media, R -linear onjugation problem, holomorphi funtions.
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